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ABSTRACT: In a previous paper, we have shown that counterions condense on charged spheres and planes as
well as on the linear polyelectrolyte models of charged lines and cylinders, provided that the surface charge
densities exceed a critical value. Here we give a more complete calculation resulting in the electrostatic free
energies of all of these geometric shapes. We consider a macroion immersed in salt solution and also a macroion
in the presence only of its own counterions. For a sphere, cylinder, and plane with equal surface charge densities,
the sphere has the lowest electrostatic free energy and the plane the highest. We apply the results to the coil-
to-globule transition and to the growth of spheres by fusion of two smaller spheres to form a larger one.

I. Introduction dissociation systems because in a linear geometry the electro-
static potential of the polymer has a logarithmic dependence
on distance, and hence on counterion concentration, and
competes on the same footing with the concentration dependence
of the dissociation entropy:1*In our hands, the experimentally
observed invariance to salt concentration is confirmed by theory.
To the extent that some models appear to yield an unrealistic
salt dependence, it may be because they do not fully capture
the extent of involvement of the condensed counterions with
the solvated polymer structure.

The theory of counterion condensation has been used as the
basis for a free energy calculation, resulting in a formula that

placed on a polymer of fixed length once a critical charge load . - . L .
has been reached. Because the condensed counterions af@corporates explicit evaluation of the partition function of the
' condensed counteriod$!! The calculation is nonlinear (as it

intimately involved with the solvated structure of the polymer, ¢ be si i lectrostatics d t e i

the number of condensed counterions and hence the effectivemuso| € t_smceb Irt]etﬁr N e;: r(]?stha '(;S 0€s no thgfnera € |otn

charge of the polymer are invariant to salt concentration over a conaensa |qn), ut the part of the Iree energy that represents
the interaction of the effective charge with the uncondensed

msd:nsri?icgio(;?jrd:;asg?le’ excess ultrasonic. absorption is ions is handled by linear DebydHiickel electrostatics. This
. ., procedure is correéf.? (For verification in simulations, see
Thg fqrce exerted on a single DNA mo!ecule by. an applied also Figure 11 of ref 2 and Figure 3 of ref 33.) Many useful
e e s e oo e o Pl e7TSappcaons ensued o th fee energy o
effZCtive DNA charge much less than the bare char@eper Sqmewhat surprisingly, but qgitg clearly, .eleptrc_)phgretic
base pair (two phosphates per base pair). The measured effeCtivmoblhty measurements have exhibited behavior indicative of

charge is—0.50+ 0.05 per base pair, equivalent to a reduction Eounterion condensation on spherical macrofn¢ The
of the bare charge by 7% 3%. The reduction predicted by mobility of a charged spherical macroion looks very much like

. ) . . that of a charged linear polymer. A plot of mobility vs surface
041
gﬁ:;‘gteenvc\)/gsc ?)T)dsir:\?:(tjlotr(])tggoi;ydlgp?nﬁ.e:th ngsliﬁ igﬁzg\ﬁrationmarge density exhibits a plateau, as though a threshold value
from 0.02 b 1 M KCI. A control measurement at a single salt of the charge density initiates counterion collapse on the surface,

concentration found no difference if NaCl was used (this result maintaining a constant net value of macroion charge and hence
o mobility. Perhaps this observation is not so surprising, given
does not rule out the possibility that condensed™ Nand Y b P g9

S . o that simulations of ionic interactions with planar charged
+
condensed™ are distributed d|fferentl_y within the solvated membranes show penetration of counterions inside the charged
DNA structure, for example, some Naons could penetrate

. o groups on the membrane surf&&and given the correlated

more deeply into the DNA groove§ than 40 |ons.2). . interfacial hydration and ion-specific effects seen in chemical

The documentation of counterion condensation on linear anning data for macroions of various morphologiek any
polyelectrolytes extends to theoretical understanding and com-gyen, the question of effective charges on spheres and planes
putational detait’ 3! Condensation results from the competition 55 \well as on cylindrical models of polyelectrolytes, that are
of an unfavorable loss of entropy when counterions associaterequced from the bare surface charges by association of
to the polymer and a favorable loss of electrostatic energy when o nterions has long been the subject of theoretical investiga-
the polymer charge is reduced by the associated counterion;jgpg27.45-49
charge. The overall effect differs from other association/ |, 3 recent paper, we showed that the standard theory of

counterion condensation on a polyelectrolyte modeled as either
TE-mail: jerrymanning@rcn.com. an extended assembly of discrete charges or as a uniformly

Counterion condensation on linear polyelectrolytes is a well-
documented laboratory phenomen@iit refers to the adsorption
of the counterions into the solvated structure of the polymer
such that its net effective charge is reduced to a critical value.
If the original fully dissociated bare charge on the polymer is
less than the critical value, condensation does not occur.
Ultrasonic absorption, index of refraction, and calorimetric
signals are direct manifestations of the condensation of coun-
terions? which is also reflected in an electrophoretic mobility
that is independerit,® or nearly so, of the amount of charge
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surface-charged thin cylinder could be extended to uniformly Boltzmann constant, and absolute temperature. In eq 3 below
surface-charged spheres, thick cylinders, and pléhés.all for the cylinder, the function¥o(x) and Ki(x) are modified
cases, counterions condense on a supercritical bare surfac®&essel functions of the second kind. Finally, the cylinder and
charge, reducing the net charge to the critical value. The plane are infinite; the finite numbé\ of unit charges on each
difference is that for these macroionic shapes the critical bare of them cancels in the subsequent calculation (or, alternatively,
surface charge density depends on concentration, whereas thé& may be regarded as counting the charge in central sections

critical condition for the polyelectrolyte model does not.

In this paper, we extend the counterion condensation theory
to the calculation of the electrostatic free energy of charged

large enough to overwhelm edge effects).
With this discussion, the free energies of sphere, cylinder,
and planar wall are obtained by applying a standard charging

spheres, cylinders, and planes and give some applications. In gProcedure to the respective solutions of the Dekijéckel

first application, we compare the free energies of spheres,

linearization of the PoisserBoltzmann equation in the ap-

cylinders, and planes, all with the same bare surface chargePropriate coordinate systeffis

density, so that differences are caused solely by geometrical
shape. The subsequent applications are inspired by the extensive

investigations of Khokhlov, Khalatur, and their colleagues of
linear copolymers designed on the computer and in the
laboratory to be “proteinlike”, in that they collapse in appropriate
conditions to quasi-spherical globules with hydrophilic mono-
mers exposed to solvent and hydrophobic monomers in the
interior 5 The single-chain globules are resistant to large-scale
aggregation, even in poor solvent conditions. We are able to
model the single-chain coil-to-globule transition and the disin-
tegration of a two-chain globule to two single-chain globules
at high temperature. Additionally, we perform a calculation that,
while not directly comparable to the simulations, may add to
our knowledge of why microaggregates do not necessarily lead
to macroscopic aggregatiéi.>

Il. Free Energy Analysis of Charged Spheres, Cylinders,
and Planes

A. A Single Macroion Immersed in Salt Solution.We begin
our analysis as in our previous papeby listing (with slight
change of nomenclature) the Debydiickel free energie&PH
required to charge an impenetrable sphere of radiusn
impenetrable cylinder of radius and a planar wall. The sphere
and cylinder are immersed in an infinite solution of bulk simple
electrolyte characterized by inverse Debye screening length
The wall is bathed on only one side by the electrolyte solution.
The charging free energies represent the work required to charg
these structures up to theilet surface charge densities after
possible counterion condensation. Thare surface charge
density before counterion condensation is designated e
counterions have unsigned valercand are the same as one
of the ion species in the simple electrolyte. The free energies
ascribe any departure from linear Debygilickel electrostatics
to collapse of counterions from the diffuse ion atmosphere onto
the surface of the macroion, effectively reducing, or “renor-
malizing”, the bare surface charge density. This eventuality is
represented by inclusion of a factor {1z6)2, wheref is the

G = 22Nk, T(1 — z0)*(Agacle)f(xa) (1)
where for the sphere
fleca) = 1+«ka @)
and for the cylinder
Ko(xa)
fka) = —— 3
(k) kakK,(ka) ®)
and for the planar wall
~1
f(ka) = a (4)

Notice that for the planar wall there is no radaisand indeed
this quantity cancels from eqs 1 and 4. Further, for a charged
plane with electrolyte bathing both sidé&a) is half the value
given in eq 4.

The Debye-Hiickel interactions of the renormalized macroion
charge with uncondensed small ions as measure@®yare
not the only contribution to the electrostatic free ene@f)
There is also an entropic contribution. TiN® condensed
counterions are transferred to the macroion surface from bulk

Solution, where their translational entropy wadloks In vc,

wherec is the bulk salt concentration, andis the number of
counterions in the formula for the salt (so thet is the
counterion concentration). Taking into account as well the free
energy of theN@ counterions when they are condensed, we can
write for the transfer free energy

1000
yveQ

Gtransfer= NkBTG In (5)

wherey is an activity coefficient for the counterions in solution,

number of counterions per bare unit surface charge collapsed,and the salt concentratianis in units of molarity. The local

or condensed, on the macroion. In fact, the Mayer virial
expansion indicates that for sufficiently dilute electrolyte, the
Debye-Hiickel free energy becomes a good approximation
unlessthe expansion diverges because of physical ion coll#pse.
See the Introduction for additional references.

The productzf could be zero if it turns out on free energy
minimization that no counterions are condensed. In any event,
it cannot exceed unity, since our formalism is too simple for

activity of condensed counterionsf&Q, whereQ is an internal
partition function for the condensed counterions with unit§/cm
(mol macroion charge). We will assume tigatioes not depend
on 6, which means that we neglect short-range interactions
among the condensed counterions, such as the volume they
exclude to each other.

It is worth pointing out here that although we will ultimately
obtain the overall electrostatic free ene@$ as the sunGPH

consideration of charge reversal. The total number of condensedt Gransfer the two components are additive only in a highly

counterions isN@ if the covalent structure of the macroion
includesN unit charge on its surface. Also appearing in the
expressions for the free energies is the Bjerrum lergth=
€?/DkgT (esu/cgs units), where the denominator is the product
of dimensionless dielectric constabt of the pure solvent,

restrictive sense. The reason is that the number of condensed
counterionsf appearing inGPH depends orGtasfer and the
condensed layer partition functio@ that appears irGransfer
depends oGPH. The two components are coupled in a nonlinear
way by the minimization analysis that we proceed to describe.
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The Debye-Huckel interactions and the transfer of At this point, we know the equilibrium value d@f, and if we
counterions from bulk solution to macroion surface are coupled return to the full equilibrium condition, eq 6, we can solve it to
but are nonetheless physically distinct effects, and they are obtain a self-consistent formula for the internal partition function
competitive. The former is at a minimum when all counterions Q of the condensed layer of counterions
are condensed on the macroion surface, neutralizing all of the
surface charge and thus eliminating all electrostatic repulsion. Q = 4meN, [(v + P)lyv]Zig/ (0" — 1)lo’ (13)

The transfer component, on the other hand, is at a minimum

when there are no condensed counterions, since then all of thewhere Nay is Avogadro’s numberg is the base of natural
counterions participate in the maximum entropy obtained when logarithms, andv andz are, respectively, the number of co-
they are dissociated from the macroion into bulk solution. To ions in the formula for the salt and the unsigned valence of the
see if a minimum overall free energy can be determined for co-ion. In generating this formula, we used the complete
some intermediate counterion condensation between zero andexpression for the square of the Debye parameter in a solvent
complete charge neutralization, we can differentiate each of thecontaining a single salt of molarity

two components with respect #® and require that the one

derivative equal the negative of the other K2 = (87) x lOfsNAv/lBI (14)

4drz(1 — z6)(Agaole)f(ka) = wherel, the ionic strength, is defined by (1/2)¢ + ¥Z?)c, and
—In ¢ + In(100®/yvQ) + 1 (6) may be written in the form (1/2)(+ v)zz.

With eq 11 for6, the fraction of counterions condensed, and
In writing the equilibrium condition eq 6, we have intentionally eq 13 for the internal partition functio®, we can work out a
isolated the Irc term on the right-hand side, which represents formula for G¢, the overall electrostatic free energy of the
the entropy of free counterions and dominates this side of the macroion, by summingPH from eq 1 andGransfer from eq 5.
equation ag is continuously taken toward zero. It is clear that, After some calculation we arrive at a result with simple
then, there is no chance for an equilibrated fractional number appearance
of condensed counterions, unless the macroion charge density
o on the left-hand side is continuously adjusted to remove the Z_Gel _
divergence to infinity from the equation. Since the inverse Debye Nk T N
length « scales like the square root of the removal of the
divergence can be implemented by requiring the adjustment of Notice that the activity coefficient has canceled out, and notice
o to be such that the left-hand side is maintained equat2o especially that the electrostatic free energy is a positive quantity,

1

—(2 - ai) In(e/) = 1+ (15)

In(x/), where/ is some length suitably chosen such thatis sincex/ is small.

a small quantity (in all formulas that follow, it is understood Everything we have written thus far pertains to a macroion

that —In(«/) is a positive quantity) with charge density greater than critical, > 1, but it is also
worth specifying the electrostatic free energy for the case

2nz(1 — z0)(Agaole)f(ka) = —In(x/) (7) 1. For these subcritical charge densities, there are no condensed

counterions, and the electrostatic free energy is simply the

or Debye-Hiuckel work required to charge the macroion as given
by eq 1 withd = 0. It is easy to show that it may be written in

1— 0= e(—In«/) ®) the form
21zl gaocf(xa)

2GINK; T = —0" In(x/) (16)
From this equation it is clear that-1 z0, the fractional amount
of charge on the macroion remaining after counterion condensa-Notice that in this range, the free energy is linear in the charge
tion, is less than unity if the bare surface charge density exceedsdensity, as must be true of a purely Debydiickel model.
a critical value (equal to the factor multiplying dlin the Notice the contrast with the decidedly nonlinear form of the
preceding equation) free energy for supercritical charge densities, eq 15, which goes
well beyond Debye Hiickel by incorporating condensed coun-
e(—In«/) terions and their internal free energy into the model. Finally,

crit _m ©) notice_ that the subcritical and supercritical electrostatic free
energies are continuous at the critical pomt= ocir, o' = 1.
Then In our general treatment there has been no need to distinguish
among spheres, cylinders, and planes. For the free energy
1—20 = oy lo (10) involved in a given application, however, the macroion geometry
must be specified in order to determine the reduced surface
For convenience we introduce a reduced charge density charge density’ and the scaling lengtfiin the small quantity
ologit, SO that the fractional amount of charge neutralized by «/, both of which enter into the expression &' in either its
condensed counterions is given by subcritical form eq 16 or its supercritical form eq 15. In turn,
the functionf(xa) needed to compute’ from eq 9 is different
z0 = (o' — 1)lo’ (11) for the different geometries.

) ) o We have previously defined a small sphere as one with radius
Also, since the effective number of chargeés: remaining on a much less than the Debye screening lerff§thhen,ka < 1
the macroion after counterion condensation equatsz times serves as our small quantity and also may be neglected in eq 2.
the bare number of chargés For thesmall sphere

Ngq/N = 1/o" (12) /=a, f(ka) =1 17)
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Similarly, a thin cylinder of radius is a cylinder in solution of(ka)/00 = —(1/2)af' (ka)[Z/(1 — z0)] (24)
conditions such thata < 1, so that the asymptotically limiting
form of eq 3 may be used. For thiein cylinder wheref'(xa) is the derivative of(xa) with respect toca. With
this preparation, it is easy to show that helerivative of the
/=a,f(ka) = —Inka (18) free energy componei@®- is the same as in the case of the

salt solution, with the exception that the functiéfra) is
replaced by a corrected functi@ffxoa)

1 f' (ko)
147
4" ea) ]

A large sphere has a radiascomparable to or larger than the
Debye length, so thata is not small. For it/ is the Bjerrum
length, and the full eq 2 is used. For tlage sphere

P(ko?) = f(iea) (25)

/= he f6d) = 75— (19)

For the change of notation frorto «o, see the discussion below
The quantityca is again not small for a thick cylinder of radius  along with eq 26. We note also that according to eq¢g&nd

a, and the full eq 3 is used. Forthick cylinder f are asymptotically equal for small values of their arguments
for the case of the thin cylinder, an equality implying identical
/= A, f(ca) = Ko(xa) (20) threshold conditions for counterion condensation on a thin

B cakK,(«a) cylinder and on a line-of-charges model.

Turning to the free energy of transferribg counterions from
Finally, for aplane wallof infinite radiusa (which cancels in  their completely dissociated state at concentratinto the

all formulas involving it, creating no difficulties) macroion surface, we can remark that it is given again by eq 5
if v is replaced by 2. Its 0 derivative is therefore unchanged,
/= dg, f(ka) = 1 (21) except for this replacement. .
ka We now follow the procedure for the case of the salt solution,

but we have to hesitate as soon as the left-hand side of the
equilibrium equation is set equal teln(x/), as in eq 7. The
problem is thatc now depends or®, and we cannot solve
straightforwardly for@® as we did in obtaining eq 11. We
circumvent this difficulty with a first-order perturbation pro-
cedure. We start witl® = 0, so thatk becomes based on the
total concentration of counterioréz

The case of the thin cylinder requires some discussion. The
uniform surface charge densityfor a cylinder of radiua may

be written ase/(27ab), whereb is the length of a cylindrical
segment that contains one elementary chardgut from eq 9

for the case of dhin cylinder, it = €/(271zAga). The ratio of
these two quantities is’, and for the thin cylinder, therefore,

o' = ZE, where& = Ag/b is the familiar polyelectrolyte charge

spacing parametért! Therefore, the threshold conditions for ko2 = (A7) x 103N, AqzC (26)
counterion condensation on an open polyelectrolyte ctein, 0 AvTB
> 1, and on a thin cylinder’ > 1, are identical. Then we can get a first-order solution férby continuing to

The electrostatic free energy of a thin cylinder is given either fo|jow the procedure for salt solutions. Everything goes through
by eq 15 ifo" < 1 or by eq 16 ifo’ > 1, along with eq 18.  jith no further difficulty, and we state the results.
These formulas are identical to the corresponding polyelectrolyte  The fractionz of macroion charge neutralized by condensed
formulas based on the model of a line of discrete point charges -qunterions is given by eq 11, wheoé = o/oit, and o is
with spacingb in the limiting conditionscb < 1% except that  given by eq 9 withc replaced byko and f(xa) replaced by

In(«a) in the former is replaced by lkf) in the latter. The — 4.a) The internal partition functio of the condensed layer
difference is significant. It means that the thin cylinder model 5 given by the equation

gives a divergent free energy as the radius tends to zero, while

the line of discrete charges does not possess this pathological Q = 4neN,,y A/’ Z(0' — )0’ (27)
behavior.
B. A Macroion in the Presence Only of Its Own The total electrostatic free energy of the macroion is given by

Counterions. In the applications, we shall dwell on computer eq 15 with« replaced byko. The effective number of charges
simulations in which no added salt is pres&rithe macroions  on the macroion after counterion condensation is given by eq
are exposed only to solvent and a neutralizing number of 12 All of these statements are valid in the supercritical range
counterions. For the present theory, we then have to recognizeof surface macroion charge densities > 1. The results for

that the Debye screening parametedepends on the number  the subcritical range are exactly the same as in the case of salt
of condensed counterions, since it is set only by the counterionssolutions, except that the Debye screening parametegiven

in free solution by eq 26 (with no approximation involved, sinéeis indeed
) 5 equal to zero for subcritical charge densities). Finally, in both
Kk”= (471) x 10 "Ny Agz(1 — z6)cC (22) subcritical and supercritical charge density ranges, the lehgth

is the same as for the case of salt solutiohg the radius of
a small sphere or thin cylinder, and it equals the Bjerrum length
for a large sphere, a thick cylinder, or a plane wall.

where heré\p,c is the number density of bare macroion charges,
that is, the ratio ofN to solution volume (in cr¥), so that

Nav[(1 — z0)/7c is the number density of uncondensed
counterions. If we differentiate both sides of this equation by |||. Ranking of Spheres, Cylinders, and Planes

6, we get As a first application of the foregoing results, we can rank

130 = —(L2)[Z(1 — 20)]« (23) spheres, cylinders, and plane walls according to their electro-

static free energy; in other words, according to the amount of

A function f(xa) appears in the DebyeHickel free energy work required to establish their electrical charge. We restrict
component as given by eq 1. Here we need its derivative with the comparison to surfaces with the same bare charge densities

respect tad o. Then any differences in the electrostatic free energies per
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unit surface area must be ascribed solely to geometical differ-  0.98
ences in the surface curvatures.

We begin in the subcritical range of DebykElckel free —
energies, where it is easy to work directly from egs4lwith — 0.96
6 = 0. For example, lefspherddeyl be the ratio of electrostatic =
free energies per bare surface charge of a sphere and a cylindeg
with the same radiua and the same surface charge density ™
Since the charge densities are the same, this ratio is the samez
as the ratio of free energies per unit surface area. This ratio is %0'92
then given by the corresponding ratio f¢¢a) functions from -
egs 2 and 3. With the aid of numerical plots, it becomes clear
that gsphere < Jeyi. Similarly, we find thatgey < Gplane Where 0.9
Opiane is the electrostatic free energy per unit surface area of a 0 2 Y xa ° 8 10
plane wall with the same surface charge density as the cylinder. _. . . . .

We conclude that in the subcritical range of charge densities Figure 1. Plot of the ratio of electrostatic free energies per unit surface
: : . . area of a large sphere and a plane wall in the supercritical range. For

the electrostatic “tension” per unit surface area in a sphere andthis case, the ratio of critical charge densities (spheggane) is (1-+

a cylinder of the same radius, and a plane wall, all with the «a)/xa, wherea is the sphere radius. As numerical values, we choose

same surface charge densities, increases in the order sphere 0.1 for the small quantitys, and 2 foro" of the large sphere. Then

; ; . o' for the plane wall equals 2(*+ «a)/ka. The plot shows that the
cylinder < plane wall. This result is independent of whether electrostatic free energy per unit surface area of the sphere is smaller

the solution contains excess salt or only the ions countering than of the plane wall, even though sphere and wall have equal bare
the surface charge. surface charge densities.
The comparison in the supercritical range is more delicate.
We assume at the outset that the common surface charge densitihan the layer of condensed counterions). The critical charge
o for all of the shapes exceeds all of the critical charge densities densities are obtained from eq 9 with= g and f(xa) as
for these shapes. We can begin by multiplying eq 15 through indicated in the prescriptions of the preceding section. These
by the common charge density Then, on the left stands a  critical charge densities decrease from large sphere to thick
positive constant times the electrostatic free energy per unit cylinder to plane wall. Therefore, the electrostatic free energies
surface area, while on the right is the productr@find a function per unit surface area are all different for these objects, even
of ¢'. If we now differentiate the right-hand side with respect though their surface charge densitiesnay be the same. The
to ¢', keepingo and the lengthy fixed, we find that the large sphere has the smallest of the surface free energy densities,
derivative is always positive, provided that is a small the plane wall the largest, while a thick cylinder (of the same
quantity, as it must be for validity of the formula. Sinagé= radius as the sphere) has an intermediate value. We give a
ologi, this observation means that the free energy per unit numerical example in Figure 1, where the free energy per unit
surface area is inversely correlated with the critical charge surface area of a large sphere is compared with that of a plane
density; it increases if the critical charge density decreases (atwall with the same surface charge density as the sphere.
fixed values ofg and/ ). The above results were computed for the excess salt case. If
We pause to indicate why this particular result makes some the only small ions present are the counterions of the macroion,
sense. The meaning of a decreasing critical charge density isthen the prescription of the preceding section leads to the same
that the surface starts condensing counterions at lower charggesult for a small sphere and a thin cylinder of the same radius
density thresholds. Counterions condense to relieve electrostati@nd surface charge density; the free energy per unit surface area
stress. So the surface with lower condensation threshold hags greater for the cylinder. Further, the same ordering is found
the higher electrostatic stress. for the large sphere, the thick cylinder with the same radius as
It remains to compare critical charge densities for sphere, the sphere, and the plane wall, all with the same supercritical
cylinder, and plane wall. Sineemust be fixed, we can compare ~ Surface charge densities; the ordering of electrostatic free
in the first instance a small sphere to a thin cylinder of common €Nergies per unit surface areas is sphereylinder < plane
radiusa, since/ = afor both (see preceding section). We recall wall.
the definitions from the preceding section of a small sphere and
thin cylinder as objects with radial dimension much smaller than

wa

0.94

IV. Coil-to-Globule Temperature Transition

the radius of the Debye screening atmospheaex 1. For these In 1998, Khokhlov and Khalatur initiated a series of polymer-
geometries, we obtain the respective critical charge densitiesdesign papers marked by exceptional ingentlitihey designed,
from eq 9 with/ = a and the respective functiorféca) as on the computer, a “proteinlike” copolymer in such a way that

indicated in the preceding section. It then becomes obvious thatthe polymer collapses to a globule with hydrophobic groups in
the critical charge density of a small sphere is greater than thethe core and hydrophilic groups on the solvent-exposed surface.
critical charge density of a thin cylinder with the same radius. Both laboratory and computer experiments have been performed
Therefore, the electrostatic free energy per unit surface area ofto gain a detailed understanding of the properties of these
a thin cylinder is greater than that of a small sphere, even thoughpolymers, which in some ways are able to mimic biological
the two objects have equal bare charge densities behavior.

We can also compare the plane wall with a thick cylinder  In a brief description of the design of the copolymers,
and a large sphere, sin¢das the common value of the Bjerrum  interactions between monomers in an initial homopolymer are
lengthAg for all three shapes (see previous section). Again, we set to a uniform attraction. The polymer is then observed to
recall from the previous section the definitions of “thick” and form a dense globule. Monomers on the surface of the globule
“large” as implying a radial dimension comparable to or larger are labeled’” (polar, or hydrophilic), and those in the interior
than the width of the Debye atmosphere, which then forms a are labeled” (hydrophobic). The attractive interactions are then
thin layer around the sphere or cylinder (but still more diffuse turned off, and theZZ” copolymer becomes a random coil. If
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AT interactions are then reset to be attractive, a compact oscit. In €q 9, however, the functioiykas), which equals 1/(1
morphology is observed at low temperature wittmonomers + kas) for a large sphere according to eq 19, must be replaced
mainly in the interior and”Zmonomers exposed to the solvent. by the functionps(koas) from eq 25, since only counterions are
In a biological context, the proteinlike behavior is the ability present. We then find that

of this primary sequence ofZ'and ¢° “amino acids” to fold

into a tertiary “native” structure. By several measures, the NZLgp (ko)
folding is more efficient than with copolymer sequences 0's=—# (29)
engineered in more obvious ways. 3 In(kolg)
Khalatur et af® and Mologin et aP’ reported molecular )
dynamics simulations on a class of these copolymers in which With
the hydrophilic groups” each bore a negative charge. The
authors studied the behavior of the charged copolymers in (4 + 3kgay
interaction with univalent, divalent, and tetravalent counterions. P<{Kod) = m (30)
0

Although the characteristics of this system are expected to
depend quantitatively on the specially designed sequence of ) ) ) )
charged and neutral monomers, the average electrostatics may O comparison with the simulation results, we should recast
dominate the qualitative behavior of some properties. Among OUr quantities into the general dimensionless variables used by
the reported observations is a coil-to-globule transition induced Khalatur et al. and Mologin et al. The authors measure lengths
by lowering the temperature; the expanded flexible copolymer in terms of a unit that they cat, which is the diameter of a
collapses to a globule of almost spherical shape. In this sectionMonomer bead in their polymer chain of touching beads.
we therefore study the coil-to-globule transition in the conditions Obviously, in the present context, we cannot use this notation,
of the simulation, which allow estimations of the contributions SO We substitute the symbélifor the unit of length. The average

to the free energy of short-range attractive interactions using linéar charge spacinig of the polyelectrolye chain is® since
temperature as a variable. only half the beads in the simulated polymer are charged. There

Our model for the electrostatics of the coil-to-globule @are 128 beads in each chain; Mothe number of monomers
transition will be the conversion of a linear expanded polyelec- P€aring unit charges, equals 64. The square of the Debye
trolye P to a sphere with uniform surface chaigeThe tendency ~ Screening parameteg?” in the authors’ units is #1sz°0, where
of the charged monomers in the simulation to reside on the ¢ iS the total number density of counterions, equal to
surface of the globule justifies the choice of a surface-charged (1/2)(1.157x 107%)/(z5°) under the simulation conditions that
sphere. Moreover, our sphere is taken as large, in the sensdliVe the sharpest coil-to-globule transitigh. . .
defined in previous sections. For the polyelectrolyte we use the ~ The authors measured the radius of gyration of a single chain
standard line-of-charges model, a straight line with point charges@nd in the range of temperatures where the chain is collapsed
uniformly spaced along its lengtf1 This model is more easily ~ t0 @ globule, which corresponds to our sph&ghey find a
adapted to the bead model for the simulated copolymer than amean-square radius of gyration equal to ab@iirfﬁr univalent
thin cylinder with continuous surface charge and ambiguous counterions. Therefore, we take our sphere raalits be equal
radius. The simulations included only the macroion and its t0 the square root, or 2.24
counterions with no additional electrolyte. We refer the reader ~ Khalatur et al. and Mologin et al. also employ an energy unit
back to part B of section II, which adapts the free energy to the €, Which determines the depth of their short-range Lennard-
counterions-only case. Jones potential. The temperature is measured by a dimensionless

The relevant temperature range in the simulations is such thatParameter that they call but which we, not having to consider
the charge density of the expanded polyelectrolyte is below the dynamics in the present paper, prefer to designate. byith
threshold for counterion condensation. The large sphere, how-this notational change, their definitionis= ksT/e, whereT is
ever, is supercritical, and does condense counterions. Thereforethe ordinary Kelvin temperature. We note that the Bjerrum

the electrostatic component of the free energy of transition in 'ength4s depends inversely on the temperature, and that the
units ofkeT is given by authors have set up their potentials such that= d/z. The

linear charge density parametgfor the polyelectrolyte chain,

N 1 1 that is, the ratio ofig to charge spaciny, is therefore equal to
Age' = —{[(2 - —;)(—In khg) — 1+ —,] + (6/7)126, or 1/2, so that the polyelectrolyte coil is subcritical

z 9, O for condensation of counterions of valerzié t is greater than
Z/2, a temperature condition that is met by the calculations in
this section. Conversion to the Khalatur et al. units in egs 28
30 rendersAg® a function of reduced temperature
whereN is the number of charges common to polyelectrolyte  In addition to the contribution from electrostatics, hydropho-
and sphere, and is the charge spacing in the linear assembly bic interactions also participate in determining the total free
of N discrete charges modeling the polyelectrolyte. Notice that energy. We note that Khalatur et®lsimulate the latter with a
the polyelectrolyte part of this expression is linear in the charge short-range attractive potential. It is therefore not the entropic
density parametef = Ag/b, since the polyelectrolyte is taken hydrophobic free energy of real systems in water; it has a
as subcritical for counterion condensatiag,< 1, and that it different temperature dependence. However, the attractive forces
does not require the conditiorgbh < 1. In the intended in the simulation do generate the characteristic eateell
application, we will have to check thaE is indeed less than  structure of a hydrophobically driven globule, with charged
unity. The conditionkolg < 1 is assumed in the free energy groups on the outside and uncharged “hydrophobic” groups on

% In(1 — e‘Kob)} (28)

component due to the sphere. the inside. From Figures 4 and 5 of Khalatur et al., which give
Quantities pertaining to the sphere are indicated by subscripttotal energy per particle (128 monomers plus 64 counterons
s. The reduced surface charge density for the spbhgre o 192 particles), and, separately, the energy from Coulombic

Oscrit can be calculated froms = Neldra?, and from eq 9 for interactions, we can determine by subtraction the short-range
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which carries 64 structural charges in the simulation, is equal
to 56 at the transition temperature.

In the simulations a sharp coil-to-globule transition was
observed atr = 1.6 for univalent counterions at the low
concentration used in our calculations. At a higher concentration
the transition was broadened, suggesting interchain interactions
that we cannot model. For divalent and tetravalent counterions,
simulations were reported only at the higher concentration where
the transitions were very broad and merged with interchain
aggregatior¥’ Transition temperatures at the inflection points
increased with valence of the counterion, reaching the value
= 3.5 for tetravalent counterions. Using the same low chain
2.5 2.6 2.7 2.8 2.9 3 monomer concentration as above, we calculate transition tem-
peratures 2.7, 4.9, and 8.7 far= 1, 2, and 4, respectively.
Our model captures the qualitative trend, but the critical
temperatures are shifted up from the simulation results. We may

10

Ag

-5
-10

-15

Figure 2. Coil-to-globule transition free energy in units KT as a
function of reduced temperature for univalent counterions.

Number of Condensed Counterions note that the entropy of the degrees of freedom of the flexible

chain, which we have neglected in our calculations, would favor

14 ] stability of the coil and thus lower the transition temperatures.
12 ] V. Disintegration of a Charged Sphere

In a kinetic computer experiment with two of the copolymeric
chains described in the previous section, Khalatur &€ al.
8 ] prepared an equilibrated initial state at the reduced temperature
v = 1 with the Coulomb interactions turned off. In these
| ] conditions the two chains associated due to their hydrophobic
A ] interactions, forming a two-chain globule with nearly spherical
| shape. The repulsive electrostatic interactions were then turned

back on, and the evolution of the structure at constawas

10

followed in time. The two chains were observed in a series of

f : - snapshots to disintegrate into two identical single-chain globules.
2.5 2.6 2.7 2.8 2.9 3 . . L R
T The process is fast, suggesting only a small kinetic barrier, if
Figure 3. The number of condensed counterions jumps at the coil- any. The authors point to an early laboratory experiment of Lord
to-globule transition temperature. Kelvin in which electrification of a water droplet results in

elongation and rupture of the droplet into two droplets of equal

attractive energy of the globular form relative to the expanded size each with the same electrical chatye
coil at about—69C¢, or, in units ofksT, —690¢%. Khalatur et al. performed this experiment to show that their

There is also a configurational free energy of entropic origin; single-chain globule is a robustly stable structure. As discussed
when the flexible coil compacts to a highly constrained globule, in section IV, the single-chain globule in their simulations results
there must be a significant decrease in entropy. However, thefrom the folding of an expanded coil when the temperature is
coil does not have a high charge density, and the hydrophobiclowered past = 1.6, but there is no tendency toward multichain
interactions are still present within it. It is difficult to form a  aggregation until the temperature is lowered by about a factor
reliable estimate of the lost entropy, and our attempt to do so of 4 from this critical value. An attempt to force aggregation to
did not lead to consistent results. We have elected therefore toa two-chain globule at = 1 by the method just described results
neglect this contribution. in rapid disintegration by electrostatic repulsion back to single-

At this point we may calculate the total free eneryg as chain globules.
the sum of the electrostatic and hydrophobic contributions, and  As an application of the free energy calculations in the present
as indicated in Figure 2 for univalent counterions, we find a paper, we try to model the disintegration of a two-chain globule.
coil-to-globule transition induced by decreasing the temperature. To that end, we consider the disintegration procgss> 25,
The reduced temperaturehas the value 2.74 at the transition. whereS; is a charged sphere of radiag andS, is a charged
If we think in terms of an ensemble of isolated chains, then the sphere of smaller radius. The numerical subscripts suggest
transition is quite sharp. Using Boltzmann factors, we calculate models for the two-chain and single-chain globules. The sphere
that att = 2.84, only 1 of every 202 chains is spherical globular, Sin section IV on the transition from a single-chain coil to a
while att = 2.64, there are 804 globules for every expanded single-chain globule is the same as the spl&ie this section.
chain. We will assume that the packing & is the same as i8; with

We have checked that our model of a large supercritical preservation of the total volume, (4/8),° = 2(4/3)yra;®, so that
sphere for the globule is consistent with the simulation condi- a, = 24/3a;.
tions. At the dilute concentration usedis = 0.019 at the We will consider both the electrostatic and hydrophobic free
transition temperature and so qualifies as a small quantity. energies in this disintegration process, and we begin with the
Moreover,oy = 1.15, greater than the critical value unity. The former. We assume the number of surface charges to be
value of the polyelectrolye charge parameier 0.18, so the preserved. If spher&, has N elementary surface charges
polyelectrolye chain is indeed subcritical. In Figure 3 we show thenS; hasN. The surface charge density of S, equals Ne/
the jump in the number of condensed counterions@ecreases  4was2. Then for spheres;, o1 = N/dra,?2 = 2713q,.
through the transition from none on the polyelectrolyte chain ~ We will assume that both sphergsandS; are large, in the
to 8 on the spherical globule. The effective charge on the sphere,sense we have discussed. We assume as well that the surface



8078 Manning Macromolecules, Vol. 40, No. 22, 2007

charge densities of both spheres are greater than their respective
critical values. These assumptions will be validated by the
calculations. The critical value; i for sphereS; is given by

eq 9 with/ equal to the Bjerrum lengthg and, since the only
small ions in the system are the counterions of the spheres, with
k replaced by from eq 26, and(kxa) from eq 2 replaced by

¢(xoa) from eq 25. An analogous expression holds d@ki, Ag
which is easily demonstrated to be relatedsQi 0
21/3 (Koaz) (31) -5
Gl,CI'It 1/3 2 crit
A2 ko) -10
. . ) . 1.4 1.5 1.6 1.7 1.8
It is equally straightforward to find the relation betwegnand T
0, recalling the definition ob' as o/ogi Figure 4. Free energy change in units kfT for the disintegration of
a 2-sphere into two unit spheres as a function of reduced temperature.
1/3 The counterions are univalent.
=228 92 ko) (32)
B(igdy) Tt 2 Concerning the hydrophobic component of the free energy,

we recall from section IV that the short-range attractive
Finally, the relation between the effective number of charges (‘hydrophobic”) energy ofS, can be estimated from the

on the spheres after counterion condensation is simulation itself as about 690, wheree is the unit of energy.
More precisely, this value is the energy change when a globule
2’1/3¢(/<0a ) with surface area (in our spherical modefja4? is formed from
Left = T Noeif (33) an expanded random coil that is more or less fully exposed to
P2 ko) solvent. The initial (expanded coil) surface area is about equal
to 128(4r)(1/4)52, since the chain consists of 128 monomer
With these various connections between sph&emdS,;, we beads of radius (1/2) Sincea;?2 = 552 (see above), the change
can actually write a neat formula faxg® = 2g°(S;) — g°(S), of exposed surface area in the eajlobule transition is then
the electrostatic free energy in unitslgfT for the disintegration —27(47)62. Dividing the hydrophobic energy changes90e
$— 25 by the surface area change, we get a conversion factor, (

energy)/( surface area), equal to (26/e/0?).

o 1 s Plkd) _ The increase of exposed surface area in the disintegration
Ag = z N, e{z #(2 P42) 1{In(kote) + 1] (34) processS, — 25 equals 4(2a;2 — a,?), or, 41(2 — 223)a?,
0 or, 4r(2 — 223552, Using the conversion factor from the
where previous paragraph, we find that the corresponding hydrophobic

energy change is B4or, sincee = kgT/t

(—In(kphs)) (35) AgV= 54k (36)

N, =2
2o Zgplicoar)
for a rough estimate of the “hydrophobic” free energy change
Notice that sinceols is small,Ag® is negative, signifying that in units of ke T as adapted to our model.
uncompensated electrostatic repulsion would drive the disinte-  |n Figure 4, we plot the total free energy chanyg= Ag®!
gration of spheré&; into two smaller sphereS; each with less + Ag™din units ofkgT for the disintegration process — 25
charge. with univalent counterions. We see that the 2-splStsecomes
As in section IV, we also use here the unit quantities unstable whenr > 1.64. Thus, we are able to model the
employed by Khalatur et al. As explained in section IV, the simulated disintegration experiment of Khalatur et al., but only
radius of spheré; (denoted in that section b) has a given by an upward shift in the relevant temperatures. Whereas the
valuea; = v/50 = 2.249, so that the value of the radius of the authors found spontaneous disintegrationr at 1, we find
2-sphere that appears in our formula #8g®' becomesa, = corresponding temperatures only in the range 4.6 < 3.0,
2133 = 2.825. The Debye screening parametgiis specified the upper bound being the temperature at wiScbpens to a
in the simulation to have the same value as given in section IV coil (as in section IV, but at the concentration used in this
with the exception that the number denssitpf counterions is section). In our model, a two-chain globule is actually stable
twice that in section IV, since the simulation involves two chains against disintegration at= 1 (Figure 4).
instead of one. Again as in section |V, the Bjerrum length equals  Khalatur et al. engaged in an extensive analysis of counterion

olt, wherer is the reduced temperature. The unit lengtthen condensation in their system, as measured by several criteria,
cancels in the expression farg®, which becomes a function including direct visualization, all yielding similar results. They
of the single environmental variabte interpret the stability of the single-chain globule as the result

We have checked that in the range of relevant temperatures,of partial counterion condensation, which yields an effective
both o} ando, exceed unity, so that both the 1-sphere and the charge on the globule less than its bare charge, but one that is
2-sphere are supercritical with respect to counterion condensa-arge enough to prevent aggregation over a wide temperature
tion as assumed in the development above. Moreover, therange. Our model is consistent with this interpretation. We may
quantity koldg is small in the range, while botkya; and keaz look, for example, at the temperature= 2, where we find that
are larger, thus justifying use of the large-sphere model (for S is stable against opening to a coil (section 1V), but wHare
example, at = 2 these three quantities in respective order equal spontaneously disintegrates into two sphe®esAt this tem-
0.04, 0.19, and 0.24). perature we calculate the effective chargeSpas 35, reduced
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from its bare charge 64 by condensation of 29 univalent where for the unit spher§,

counterions. Similarly, the effective charge 8ris 46, reduced

by condensation of 82 univalent counterions from its bare charge NZgp(kay)

128. Thus, even though the condensation of 24 counterions (82 0p=- m (38)
minus twice 29) accompanies the formation $ffrom two 1 B
spheresS,, the effective charge on the former is still great
enough to cause it to spontaneously disintegrate, emitting, or
releasing, the extra 24 counterions as part of the disintegration
process.

a relation that is the same as eq 29 but with the notation of the
present section.
We can write a general fusion process

VI. Growth of Charged Spheres St S Sem (39)
Figure 4 indicates two distinct kinds of behavior of the | ynits ofksT the electrostatic free energy for this process can

2-sphereS,. At high temperatures, > 1.6 under the conditions  pe gptained from the large-sphere model using eq 15
specified, it spontaneously disintegrates into two 1-spheres. At

lower temperatures, however, it is stable against disintegration, n+m m
: it i =1 +1 -——-—| o
and indeed, forr < 1.6, it is the reverse process that has a = [n(KO;LB) ] o (40)
negative free energy; that is, two 1-spheBsspontaneously Onem O
fuse to form the larger spher®. The aggregation process
observed by Khalatur et &. at very low temperatures is
complex. With univalent counterions two charged single-chain
globules do not fuse into a spherical shape. Instead, two intact

smgle-chaln_ globules approach and almost touch, forming an with 7 the reduced temperature as explained in that section, and
elongated dimer (a few trimers are also formed). The authors

comment on the remarkable stability of the intact single-chain a = V50, again as in sections IV and V. The number of bare

globule against a tendency toward large-scale aggregation an harggs on the unit §phereNs= 64, and our calqulqtlons are
precipitation. An attempt to describe such a process with a or univalent counteriong = 1. The calculations indicate that

. » :
simple model would require calculation of the interaction of Age'is a positive quantity, unfavorable for the growth of spheres

two charged spheres as a function of distance between themby fusion. ; -
but we are not able to perform this analysis at present. In the For the “hydrophobic” free energy chanzge er neezd the
presence of multivalent counterions Mologin etalo observe decrease of exposed surface afda= 47(antm" — an ~ @m )
spherical aggregates formed from interpenetration of severalv‘/h(_e_nSh andSy fuse to form the larger sphe&+m. Since the
chains, but charged monomers and counterions are found in the adii of all of these sg)heres argz/srelatezfshicas dI/SCUSSEd above,
interiors of these objects, rendering our model of impenetrable V€ find, AA = 4zay[(n + m)*® — n?® — mEE)]. Using the
surface-charged spheres perhaps overly idealized. In this sectio onverS|on_ factor calculated in Shegt.'on V we obtain for the
we therefore adopt a restricted objective, which is to show how ydrophobic free energy changeg™<in units ofksT
a simple model that counters repulsive electrostatics with short-
range attractions can lead either to noncooperative limited
growth or to cooperative macroscopic precipitation, depending
on the pathway for aggregation.

We begin by giving a precise definition of ansphereS,.

In the calculations below, we take the number density of
counterions equal to 1.678 10-%/(z03), corresponding to the
multichain simulations of Khalatur et &. Then the Debye
screening parameteg is calculated as in section IMg = 6/t

A =220+ mP— Y (1)

The negative values akghd favor fusion.
As indicated in the introduction to this section, we will

Then we assume that ems_phere and _amsphere can fuse examine two modes of sphere growth. In the first, which we
into an (n+ n)-sphere, and in fact we will find that this process call growth by unitary fusionthe sequence & + S. — S, S

is spontaneous at low temperatures. We will analyze two S — S S +S—S, :

. . . . — — Sw1, ..., In Other words, a sphere
different modes of.growth by this type of fusion. In the first, a grows by absorbing a unit sphere. The sequence for the second
1-sphere fuses with an-sphere to form ann(+ 1)-sphere, mode, designategrowth by twin fusionis 25 — S, 25 —
which then fuses with another 1-sphere to form an( 2)- S, 25;_, S, ..., 29— Sy, ...c that is, @ growing sphere fuses
fsphe;e, fand theﬁpro%ess c?ntlnufetsH Irllgthehsecontﬁ)-wm:neres d with another of equal size to form one with twice the volume.
use 1o form a B-sphere, two of the riespheres thus tforme Limiting values of the free energies for both modes of growth

Iﬁsf ttr? fof_rmta n-gphefre, an(tjhthe process contt_lnues_.ﬂ:Ne find can be calculated. For example, we find for unitary fusion at
at the Tirst mode of growth 1S noncooperative with many e fixeq temperature = 2 that at the limitn — o, Ag® =

intermediates present. It would not lead to large-scale aggrega- +26, while Agd = —65, the net value-39 favorlng further

tion and precipitation. In contrast, the second model is coopera- growth. In other words, for very large the free energy of the

tive and Would lead to macroscopic precipitation. nth growth step in unitary fusior§, + S — Sw.1, approaches
Supposing that an-sphere$, has the same volume as the e finite limit —3%sT. The significance is perhaps most easily

total volume ofn unit spheresS;, we have for its radiusa, = seen if we invoke an obvious mathematical fact, that in an
n®ay. Moreover, if the number of bare unit charges on the jnfinite sequence of numbers tending to a finite limit, the
surface of§, is n times the number of chargeé on S, the difference between theth number and then(— 1)th must
relation between the bare surface charge densiti& ahd S _ become progressively smaller. In the case at hand\dgtoe
also works out to be, = n'”oy. The reduced charge density e net free energy of theth growth step (electrostatic plus
of S, (ratio of on t0 on,crit) IS hydrophobic). Them\g, — Ag,-1 must tend to zero ifi — oo,
and indeed, we have verified this result by direct calculation
213 <1>(n1/3 al) (see below). The physicql meani_ng emerges clearly. For_ large
on = o1n ¢(/<Oa1) (37) n, the free energy of fusing a unit sphere with msphere is

almost the same as for fusion of a unit sphere with mn-(



8080 Manning

25

Ag =50
=75}

-100 |

-125

1 1.5 2 2.5 3
T
Figure 5. lllustration of noncooperative unitary fusion. Each curve is
at a fixed value ofi and indicates as a function of reduced temperature
the free energy change (units kfT, univalent counterions) for the
process of fusing a unit sphere into mssphere to form ann(+ 1)-
sphere. The range ofis from 1 to 16, top to bottom.

-1

4 5 ﬁ 7 8
Figure 6. Plot of the free energy change (units kdT, univalent
counterions) for fusing a unit sphere with arsphere, relative to the
free energy change for fusing a unit sphere withman-(1)-sphere, as
a function ofn. The plot shows that this relative free energy becomes
less tharksT whenn exceeds 6.

1)-sphere. Growth by unitary fusion is a noncooperative process.
Large-scale aggregation leading to macroscopic precipitation
does not occur. There always remain many spheres of inter-

mediate sizes.
We illustrate this analysis of unitary fusion in Figures 5 and

6. Figure 5 shows the temperature dependence of the free energ
of each member of a sequence of growth steps up to a large

value ofn. Forz = 2 (and for smaller values) the growth steps

are increasingly favorable, but the approach to a limit is obvious.

Figure 6 is a plot with the temperature fixed mat= 2. The
function plotted isAAg(n) = Ag(n) — Ag(n — 1), namely, the
difference between the free energy of tiik step and then(—
1)st. The plot shows that the growth of arsphere by unitary
fusion is favored by a free energy less thaf if n is greater
than 6. Thermal disruption, therefore, will prevent macroscopic

aggregation. The same conclusion is reached if we notice that

AAg(n) is the free energy change for the proces$,2 S,-1
+ Si1, in which ann-sphere emits a unit sphere that is absorbed

by anothem-sphere. Figure 6 then shows that this process is

about as likely to go backward as forwardif> 6, shrinking
an (0 + 1)-sphere back to an-sphere. Still another way to
look at growth of spheres by unitary fusion is that it occurs in

effectively high-temperature conditions. For sphere sizes greater
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Figure 7. lllustration of cooperative twin fusion. Each curve is at a
fixed value of the indeX and indicates as a function of reduced
temperature the free energy change (unit&®f univalent counterions)
for the process of fusing two-spheres to form ar2spheren = 2.
The range of is from 0 to 10, top to bottom.
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Figure 8. Plot of the free energy change (units kdT, univalent
counterions) for fusing twa-spheresn = 2, into a Z-sphere, relative
to the free energy change for fusing two-{ 1)-spheres, as a function
of j.

10

Ag™ diverges to—c in such a way that the overall free
energyAg; becomes negatively infinite. The infinities are such
that growth is cooperative. For larg¢he negative free energy
of the j-th growth step becomes infinitely greater than for the
previous stepAAg, — —oo. These results of direct calculation
are illustrated numerically in Figures 7 and 8, which may be

Yontrasted respectively with Figures 5 and 6 for unitary fusion.

At the outset of this section we were cautious in noting that
the results to be obtained could not be compared directly with
the simulation data of Khalatur et &.showing stability of
single-chain globules against large-scale aggregation even at
very low temperatures. Nonetheless, we believe our results may
be related. It is difficult to conceive of a mechanistic pathway
for growth by twin fusion in their system, much easier to
imagine growth by progressive absorption of single chains,
leading as we have seen to aggregates of limited size. Indeed,

the latter mechanism predicts arrest of growth at a small

aggregate number of about 6, and the model of surface-charged
spheres with no charged groups or monovalent counterions

trapped in the interiors is at least qualitatively reasonable for

such a small aggregate.
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Twin fusion behaves in a radically different manner. The
electrostatic free energ;ﬁgje' for the process @ — S+
diverges tot+o whenj — oo, but the hydrophobic component
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